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ABSTRACT. Let f(x) denote a complex valued function with period
2m, let

jﬂ (1 —r2)7(»)dy
1 -2rcos(x—y) + r2

Py(f, x) =

be the Poisson integral of f(x) and let |I| denote the length of an interval I,
For 1 < p < o and nonnegative U(x) and V(x) with period 2= it is shown
that there is a C, independent of f, such that

o p [T PSP UGy ax < cf IFGIP V(x) ax

if and only if there is a B such that for all intervals I

1 1 _ p—1.
[T,Tf,v(x>d{|[m-f,nf(x)1 l/(P"l)da] <B

Similar results are obtained for the nonperiodic case and in the case where
U(x)dx and V(x)dx are replaced by measures.

1. Introduction. In [4] Rosenblum showed thatif 1 <p <e, 0<r<1,
f(x) has period 27 and u is a finite Borel measure with period 2w, then there is a
C, independent of r and f, such that

Ly 2 es 0P auey < cf” 176 dute)

if and only if du(x) = V(x)dx is absolutely continuous and there is a constant K,
independent of x and A, such that

x+h t+h 1/(p-1)
12) h o [hV(t) . V(s)ds] dt<K

for all # > 0 and all x. It is easy to see that a necessary and sufficient condition
for (1.2) to hold is that there is a B such that for every interval I

(13) [l%l- J; V(x)dx] [ﬁ l, [V(x)]‘l/(’"l)dx] P! < B;
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this follows from the fact that the left side of (1.2) is bounded below by
1 rx+n/2[ 1 x+h/2 1/(p-1)
h-[x—h /2 [h V(t).[x—h/z V) ds] dt

1rx+2n[ 1 (x+2h 1/(p-1)
hJx—2n [h V(t))x—2n V) ds] dt.
Rosenblum also considered (1.1) when p = 1; he proved the same result with

(1.2) replaced by

and above by

H :;” V() dt < KV(x).

The purpose of this paper is to give a simpler proof than Rosenblum’s of
a more general result. Specifically, the following will be proved in §§2 and 3.

THEOREM 1. If 1 <p <o, 0<r< 1, uand v are Borel measures of
period 2r and f(x) has period 2m, then there is a C, independent of f and r, such
that

(14 J2 e oraum <cf” 17ePae)
if and only if for every interval I

wo] [ 1 dva(x) =1/(p-1) p—1
(1.5) [lll][lllfz[ s ] ax| <8,

where B is independent of I and v, denotes the absolutely continuous part of v.

In Theorem 1 and throughout this paper

il
1y dx

is to be interpreted as ess supxa[dva(x)/a?x]'l if p =1 and 0 - = is to be inter-
preted as 0.

The nonperiodic version of Theorem 1 will follow from the same reasoning;
this is stated as Theorem 2 in §4. The fact that for nonnegative U(x) and V(x)

" P " P
(1.6) [T p0f 0P Uyax < f T 1£GIP Vix)ax
holds if and only if for every interval J

a7 [ﬁ |, U(x)dx] [TIIT |, [V(x)]'”(”'l)dx]p_l <B

is an immediate corollary of Theorem 1.
In the light of recent results concerning other operators, Theorem 1 and this

su
0<rgl
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corollary are not as natural an extension of Rosenblum’s result as they may seem.
For example, if 1 <p <o, U(x) and V(x) are nonnegative and U(x) = V(x), then
there is a C, independent of f, such that

(1.8) _f:r (0 sup (S, x)|)” U(x)dx < C f_”n IFCOP V(x)dx

if and only if (1.3) is true; this strengthened version of Rosenblum’s result follows
from [2, Theorem 2, p. 215] since supy<, < IP,(f, x)| is equivalent to the Hardy-
Littlewood maximal function for nonnegative f. If the assumption U(x) = V(x)
is dropped, however, (1.7) does not imply (1.8); an example showing this is in §5
of [2]. In fact, the problem of characterizing the weight functions for which
(1.8) is true is unsolved and evidently quite difficult. Similarly, it is shown in

[1] that if 1 <p <o, U(x) and V(x) are nonnegative and U(x) = V(x), then
(1.3) is necessary and sufficient for

(1.9) [ TP umyde <[ 17GP Vix)dx

where £ (x) = lim,_, o+ fi51>(f(x = D/t)dt is the Hilbert transform of f(x).
Again, (1.7) does not imply (1.9) if the assumption U(x) = V(x) is dropped; for
an example see [3]. It is rather surprising, therefore, that (1.7) is necessary and
sufficient for (1.6) whether it is assumed that U(x) = V(x) or not.

It should be noted that Theorem 1 does imply all of Rosenblum’s result
with his assumptions that u = v and u([~m, 7]) <. The only problem is to
show that (1.5) implies that u is absolutely continuous since (1.3) is obviously
equivalent to (1.5) once absolute continuity is proved. To prove that u is absolute-
ly continuous, observe that since u([~m, 7]) <o, du,(x)/dx < o= almost every-
where. If du,(x)/dx = 0 on a set of positive measure, then (1.5) implies that
M([-m, w]) = 0 and u is absolutely continuous. Therefore, assume that 0 <
du,(x)/dx < e almost everywhere. Then, for any interval I,

v]1/p -1/p P
1 [[du 0] [, ) )
<\{-— .
(1.10) 1 (III —[z[ dx | [ dx dx
Applying Holder’s inequality to the right side of (1.10) then shows that
[~ -1/(p-1) p-1
D\ (1 | )
(1.11) 1<( lll)(lIIL_ = ax) .

Multiplying (1.11) by u(?) and using (1.5) shows that u(l) < Bu,(I); since this is
true for every interval I, u is absolutely continuous.

2. Proof that (1.5) implies (1.4). The proof of this part of Theorem 1 will
be done by proving two simple lemmas and then combining them. In this section
and §4 the notation, f,(x) = A1 X1 f(£)|dt, will be used.
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LEMMA 1. If f(x) has period 2n and u and v are Borel measures with
period 2w that satisfy (1.5), then for every h > 0,

2.1) |2 1017 duwy <6418 170)P dvi).

Assume first that 2 < 7 and let NV be the least integer such that Na >
Then the left side of (2.1) is bounded by

N_
1 (k+ 1 )nh_p

[0 roar] auee,

k=~N
and this is bounded by
N-1 [ (k+l)h (k+2)n p
22) > [ S | [SE M srar]”
k=—-N (k l)h

Using Holder’s inequality on the second integral in (2.2) shows that (2.2) is
bounded by

1/(p—-1) p—1
u([kh, (k + 1A]) k+2)n [dv, )
Z ( h )(h (k—1)h [dx] dx

k=-N
(k+2)h .
(& pop o)

(k—1)h

note that if dv,/dx is O on a set of positive measure, u([~m, 7]) = 0 and (2.2)
is still bounded by this. Now (1.5) with I = [(k — 1)h, (k + 2)h] shows that
this is bounded by

23) 3?B Z J'(k+2)

(k—=1)h

[F ()P dv,(2).

Since all the intervals [(k — l)h, (k + 2)h] are subsets of [~2m,27] and no point
is in more than three of these intervals, (2.3) is bounded by

y+i(" " F P dv().

This completes the proof if h <m. If A > m, f,(x) < 2f,(x) and the result fol-
lows from the first part.

LEMMA 2. If f(x) has period 2m and 0 <r < 1, then there is a constant K,
independent of f and r, such that

24 IP(f, )| <K f:: (1 = PDh~%f,(x)dh.

By reversing the order of integration, the integral on the right side of (2.4)
is greater than or equal to
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[ [j’" N dh] dt

x—m Ix—tiv(1—r

where |x — V(1 — r) denotes the larger of |x — ¢| and 1 —». The inner integral
can be calculated and is clearly greater than a positive constant times

1 1-r? )
2m <(l =1r)? + 2r[1 = cos(x — £)]
since |x — #| < a. This proves Lemma 2.

To show that (1.5) implies (1.4), use Lemma 2 to show that the left side of
(1.4) is bounded above by

2.5) K? .qu [Lz: (1 = Dh7%f,(x) dx] pd/.t(x).

By Minkowski’s integral inequality, (2.5) is bounded by

eo  w(f7 [ nerae " a-mca)

By Lemma 1, (2.6) is bounded by

p+1 p n P 2w _ 2 4
6+ 15x7| [T 17 dv(x)] [ " a=-nn dh]
Since the last integral is less than 1, (1.4) follows.

3. Proof that (1.4) implies (1.5). This proof need only be done for intervals
I with |l < 2m, since if || > 2w the left side of (1.5) is bounded by 2P times its
value for the interval [~@, 7]. Given any f(x), let f,(x) = O on the support of
the singular part of v and let f, (x) = f(x) elsewhere. Then P,(f}, x) = P,(f, X)
and [7_|f, ()P dv(x) = ST, |f()IP dv,(x). Therefore, if dv,(x)/dx is written as
V(x), (1.4) with f replaced by f; implies that

G.1) 'f:, IP.(f, X)IP du(x) < C ﬂ" LF(0)IP V(x) dx.

Consequently, the proof that (1.4) implies (1.5) can be completed by showing
that (3.1) implies (1.5) for intervals I with |I] < 2.

Given I with I < 2m, let @ = [, [V(x)] "1/~ dx and let p' = p/(p — 1).
If Q = 0, (1.5) follows because of the convention 0 -o0= 0. If Q = o, [V(x)]~!/?
is not in LP" on I so there is a function g(x) in LP on I such that g(x)[V(x)] ~!/?
is not integrable on I. Let f(x) = g(x)[V(x)] /7 on I and O elsewhere. Then
P,(f, x) = o for all x and the right side of (3.1) is finite since g(x) is in L? on L
Therefore, u(/) = 0 and (1.5) is true.

f0<Q<wand p>1,let f(x) = [V(x)] "M@~V if x + 2nm €1 for some
integer n and O elsewhere. Let 7 be the larger of 1 — [/l and 0. Then for x in ,



230 BENJAMIN MUCKENHOUPT

B(% 0> 4 [ oDy

where A is a positive constant independent of x, V, p and I. Then (3.1) implies
that
A

6o f[&] PN oD ] duey < ¢ J, reor 11D ax,

Dividing by the integral on the right side of (3.2) then gives (1.5).

If0<Q<eand p =1, choose € > 0 and let E be the subset of J where
V(x) <e + essinf o, V(p). Let f(x) equal 1 if x + 2n7 € E for some integer n
and O otherwise, and let r be the larger of 1 — /] and 0. Then for x in I, P,(f, x)
= A|E|/|I| where A is a positive constant independent of x, ¥ and /, and |E| denotes
the Lebesgue measure of E. Then (3.1) implies that

AlE\u) .
i < CIE| [e + ess el?f V(y)] .
Dividing by A4|E| and using the fact that € was arbitrary gives

) C .
0S4 el}lf V(»);
this is equivalent to (1.5) with the appropriate interpretation for p = 1.

4. The nonperiodic case. Given f(x) defined on (-, =), let

f(t' x) = %J‘“NM

2+ -y)
be the usual Poisson integral. The nonperiodic theorem is the following.

THEOREM 2. If 1 < p <o, t > 0 and pu and v are Borel measures, then
there is a C, independent of f, such that

@.1) Jo e P dumy <[ 17eP dv)

if and only if for every interval I (1.5) holds where B is independent of I and v,
denotes the absolutely continuous part of v.

The proof that (1.5) implies (4.1) uses the following analogues of Lemmas
1 and 2.

LEMMA 3. If uand v are Borel measures that satisfy (1.5), then for every
h>0

JZ. 166017 dued < #4187 170017 dvi.

LEMMA 4. There is a constant K, independent of f and t, such that
1£ @ x)| < KS7th™2f,,(x) dh.
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The proof of Lemma 3 is the same as that of Lemma 1 except that the sum
is taken from —<° to o and the initial restriction on the length of I is not needed.
Lemma 4 is proved in the same way that Lemma 2 was. The rest of the proof
that (1.5) implies (4.1) is the same as the proof that (1.5) implies (1.4) except
that Lemmas 3 and 4 are used in place of Lemmas 1 and 2.

The proof that (4.1) implies (1.5) is essentially the same as the proof in §3;
the reduction to intervals I with |[[| < 27 is not needed and in the last two cases
t should be chosen equal to |/] instead of r being the larger of 1 — |/] and 0.
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